Walking-robot technology has already achieved an important stage of development, as demonstrated in a few real applications. However, walking robots still need further improvement if they are to compete with traditional vehicles. A potential improvement could be made through optimization at design time. A better distribution of the legs around a robot's body can help decrease actuator size in the design procedure and reduce power consumption during walking as well, which is of vital importance in autonomous robots. This paper, thus, presents a method focused on the distribution of legs around the body to decrease maximum foot forces against the ground, which play heavily in determining robot shape and actuator size. Some experiments have been performed with the SILO6 walking robot to validate the theoretical results.
Introduction
Walking robots have been investigated and developed intensively by many universities, research centers, and companies since the late 1970's. Most of them are laboratory prototypes, but there are also a few walking machines built for specific applications that have achieved acceptable reliability, such as the Dante II (Bares and Wettergreen, 1999) , built for volcano inspection, the Aquarobot, designed for underwater surveying of seawalls (Akizono et al. 1989) , the ROWER, intended for naval construction (Gonzalez de Santos et al., 2000; 2002) , and the Plustech walking machine, used for work in forests (Plustech-Oy, 2005 ).
Generally speaking, however, walking robots have many shortcomings that bar them from wider use in industry and services. For instance, legged robots are still heavy, bulky, very slow, and inefficient from the energy-expenditure point of view, which is a fundamental issue in autonomous robots. In other words, although legged robots have already demonstrated their capability to perform many tasks wheeled or tracked vehicles cannot handle, some features must still be improved before legged robots can meet present requirements for autonomous robots in industry and services.
So far the designers of real walking robots have focused on the selection of the number of legs, the kinematic study of static stability and the design of leg mechanisms. There are, however, other issues related with walking-machine design that have received more timid scrutiny. For instance, it is easy to infer that legs in the mammal configuration can support heavy masses, while the insect configuration provides better static stability. Nonetheless, configuration notwithstanding, leg distribution around the body could help in improving some robot features. For instance, walking robots usually have prismatic bodies on which electronic equipment is loaded and legs are attached (Bares and Wettergreen, 1999; (Nonami et al., 2000; Pfeiffer and Weidemann, 1991; Plustech-Oy, 2005; Salmi and Halme, 1996; Song, and Waldron, 1989) ; but body shape can determine static stability, as studied in (Schneider et al., 2000) . Similarly, leg distribution around the body could also be adjusted to decrease maximum foot forces. This enables lower-torque actuators (that means smaller and lighter motor and/or smaller and lighter reducers) to be used to support the robot's weight, thereby reducing the weight, increasing the speed, or both at the same time.
All the legs on a walking robot are normally built on the same design, although mammals and insects possess very different rear and front (and sometimes middle) legs. The single standard leg design has many advantages in terms of design cost, replacements, modularity and so on. In quadrupeds leg distribution around the body is a simple thing, because not many combinations are available. Hexapods, on the other hand, offer a wider range of possibilities, as we will see below.
The purpose of this article is to contribute to the optimization of the design of walking 4 robots by distributing identical legs around a hexapod body. In this distribution we determine the points in which the legs are fixed to the body to minimize the maximum exerted foot force. This minimization is achieved for the most common situation for a mobile robot i.e. the robot is moving on flat terrain, following a straight-line trajectory and performing a tripod gait. Thus, the design is first optimized for the most common scenario and then optimization for other possible scenarios would rely on defining new control algorithms, which is the next step in this research. The significance of this article's contribution relies on decreasing maximum foot forces in walking robots by factoring in design details and thus decreasing actuator size and also decreasing energy consumption during walking, which is a basic concern in autonomous vehicles. This aspect of legged locomotion has never been addressed before and is a previous step to design control algorithms that reduce power consumption during walking, which, as mentioned above, is the next step in this research.
This work focuses on the design of statically-stable walking robots and thus dynamic effects are not taken into account. However, the mass and positions of the legs are used to compute the COG of the robot.
This article is organized as follows: Section 1 introduces the needs of walking-robot design optimization. Section 2 presents the foot forces exerted by a hexapod performing an alternating-tripod gait. Next, Section 3 studies the influence of leg-body attachment points in the force-distribution problem. With this background, Section 4 presents a method for computing the points at which the legs should be attached to the body to minimize the maximum exerted foot force. Section 5 illustrates some experiments that have been carried out with the SILO6 walking robot (Gonzalez de Santos et al., 2005a; SILO6, 2006) to validate the theoretical results. Finally, we present some conclusions.
Foot Forces along a Locomotion Cycle
Statically-stable walking robots are intrinsically slow machines, and machine speed is well known to depend theoretically on the number of legs the machine has (Waldron et al., 1984) . Hence, a hexapod can achieve higher speed than a quadruped, and a hexapod achieves its highest speed when using a wave gait with a duty factor of β = 1/2, that is, using alternating tripods (Song and Waldron, 1989) . Although the stability obtained by using alternating-tripod gaits is lower than the stability provided by other gaits which maintain four or five legs in support, alternating tripods are the most widely used by hexapods because of the speed they impart. "Alternating tripods" means that two nonadjacent legs on one side and the middle leg on the opposite side alternate in supporting the robot.
To analyze the foot forces that a walking robot must exert, let us take into account the following considerations. The robot consists of a body and six legs. The origin of the body reference frame (x, y, z) is located at the body's geometric center (see Fig. 1 Let us assume that
is the foot-force vector when legs p, q, and r are in support, where ( )
is the ground-reaction force in foot i ( -f i is the force that foot i must exert against the ground), and that the wrench and the inertia effects of the robot's body (Jiang et al., 2001) . That is ( , , , , , )
Under this condition, the equilibrium equations that balance forces and moments when three legs (p, q, and r) are in their support phase can be obtained from Fig. 1 Robot reference frame and forces acting on the robot
Leg workspace 
This matrix defines the position of foot i (i = p,q,r) or the COG (i = c) in the robot's reference frame ( , , ) x y z (see Fig. 2 (a)). 
For force-computation purposes, the robot is assumed to describe a continuous alternating-tripod gait (constant body speed) that consists of two main phases. In the first phase, legs 2, 3, and 6, for instance, are in support and moving backwards at a constant speed (continuous gait), while legs 1, 4, and 5 are in their transfer phase, moving forward to their next footholds (see Fig. 2 (a) for leg definition). Each supporting foot follows a straight-line trajectory on the ground parallel to the trajectory of the other supporting feet.
The Euclidean distance between the centers of the workspaces of the adjacent legs on one side is termed the stroke pitch, P x ≥0 (see Fig. 2 for parameter definition). This is a fixed parameter that depends on the geometry of the walking robot and in this case coincides with the distance between adjacent-collateral leg reference frames (see Fig. 2 ).
Some additional geometric parameters are the Euclidean distance between the leg reference frames of non-collateral adjacent legs, D≥0, and the Euclidean distance between the point where a middle leg is attached to the body (A) and the point where a corner leg is attached to the body (B), along the direction of the y-axis, d≥0 (see Fig. 2(b) ). Some variables that depend on the specific gait are the Euclidean distance from the trajectory of foot i to the z-axis of the leg reference frame, L i ≥0; the Euclidean distance of the foot i to the plane x-y of the body reference frame, H i ≥ 0, i.e. z i = -H i ; the step length (also known as leg stroke), R x ≥0; and the step height over the ground, h≥0. All these parameters and variables are defined in Fig. 2 and the relevant kinematic and mass parameters are given in Table 1 .
The alternating-tripod gait algorithm computes the foot components at any time as (Gonzalez de Santos et al., 2005b) ( ) , , , , , ) ; for 1,..,6; 1,...,2
where k is the sample period, i is the leg number, 2N is the number of samples in a locomotion cycle, and G is the gait function whose components are
Function σ(i) defines the displacement of the body attachment of leg i with respect to the center of the body reference frame (x, y, z) along the x-axis and is given by 1 for a front leg ( ) 0 for a middle leg 1 for a rear leg
ξ(x) is the function which rounds the element x to the nearest integer towards zero, and mod represents the function modulus. as a piecewise function, as a polynomial function, as a trigonometric function, and so on.
For the sake of simplicity of formulation, a piecewise function has been chosen that consists of a straight segment and a sine function, and thus z i (k) is defined by (11), where -H i is the z-component of the foot i that depends on the terrain the robot is stepping.
With these foot positions, the foot forces along a whole locomotion cycle can be computed from (4), which is an underdetermined system, because it consists of six equations and nine unknowns (the components of the three vectors f i (3×1)) and its solutions can be found by using many different methods. The first and most popular method for solving the force distribution in closed kinematic chains is the pseudo-inverse, which gives the solution to (4) that minimizes the sum of the squares of the foot forces.
This method is also known as the minimum norm solution and has been used intensively in the control of legged robots (Gorinevsky and Shneider, 1990; Klein and Chung, 1987; Klein and Kittivatcharapong, 1990; Kumar and Waldron, 1988; Kumar and Waldron, 1990 ), More recently, some optimization methods have been proposed for solving the force-distribution problem that relay on criteria such as minimum force, load balance, safety margin or friction constraints (Chen et al., 1999; Zhou et al., 2000) . These methods seem to be more practical than the pseudo-inverse method in terms of computation time.
However, an alternative pseudo-inverse formulation has shown the pseudo-inverse method is good enough to solve the force-distribution problem (Jiang et al., 2001 ).
The pseudo-inverse method computes the foot forces of equation (4) 
The solution of (13) 
for legs in their support phase (legs 1, 4, and 5 along the first half-cycle) and Total Mass (kg) 54 *) Some parts of the leg, which are fixed to the body and do not move with the leg joints, are considered part of the body for simulation and control purposes. The whole leg, as illustrated in Fig. 10 , weighs 5.4 kg. Equation (17) for the foot positions ( , , , , , , ) The horizontal foot forces obtained from (17) are null along the whole locomotion cycle.
This guarantees that the pseudo-inverse solution is adequate for the theoretical case. 
Leg Distribution around the Robot's body
When a legged robot is supported by a tripod, as in Fig. 2 , the middle leg in its support phase for a given foot position is carrying about half the robot's weight, while the two collateral legs in their support phase are carrying about one-fourth of the robot's weight.
This can be observed in Fig. 3 for t = 5 seconds (legs 1, 4, and 5 in the support phase) and t = 15 seconds (legs 2, 3, and 6 in the support phase). These points correspond to the instants when the legs in question are in the middle of their workspaces, that is, when link 2 is perpendicular to the x-axis of the body. This circumstance is especially significant in traditional hexapod configurations, where all legs are placed at the same distance from the longitudinal axis of the robot's body.
Satisfactory force distribution and system homogenization can be achieved by shifting the middle legs' foot positions slightly from the body's longitudinal axis so that the middle legs support less weight and the corner legs increase their contribution to supporting the body.
The condition for sharing the weight of the robot evenly among the supporting legs for the case described above is given by (13) when the desired foot reaction forces are 0 0 ; for 2 3 6 3
where W is the total weight of the robot. Hence, % F becomes
If we want the robot to be stationary with no external forces acting on it, then the total wrench % W must be
That is, every foot in support phase (2, 3, and 6) is supposed to exert a vertical force of W/3, while feet 2, 3, and 6 are at locations (P X , -Y 2-6 , -H), (0, Y 3 , -H), and
respectively (the definition of these parameters is indicated in Fig. 2(a) 
and Substituting (19), (20) and (21) into (4) 
Equation (22) Configuration (b) resembles the crab configuration. In this case, leg-attachment points are at different distances from the x-axis, and every foot follows a similar trajectory that falls about the middle of the foot workspace (y-axis). In this case, the leg can make a better use of its workspace.
Equation (23) gives the solution just for the specific robot pose in which footholds are symmetrical, as in the examples in Fig. 4 ; however, solutions should be found along a whole locomotion cycle, and the attachment point of the central legs should be moved so that the maximum foot force in any middle leg equals the maximum foot force in any corner leg. In this case, the legs can be designed to exert as little force against the ground as possible, thus helping to make the robot lighter and faster. That is, if foot forces are lower, then actuators are smaller or the required gearings are lower, which means higher speed and better mechanical efficiency. This helps in saving energy. Note that equation (10) has been parameterized by d just to allow the following study.
Optimizing Leg Distribution around the Robot's body
One possible solution for reducing foot forces as pointed out in Section 3 consists in using the configuration in Fig. 4(b) and computing the middle-leg displacement, d, that equals the maximum vertical force exerted in every leg along a locomotion cycle. For that, it is necessary to recalculate the foot forces for every foot position along a locomotion cycle. Then, the middle-leg displacement can be calculated and used, for instance, to eliminate the difference of the maximum vertical foot forces between pairs of legs. The procedure is as follows:
The foot positions for generating an alternating-tripod gait are now given by 
The problem is then reduced to finding the parameter d that yields
In other words, we move the point where the middle legs (3 and 4) are attached to the body until the maximum foot force in all the legs equal.
The solution of a general non-linear equation, such as Ф, is efficiently provided by the Gauss-Newton method (Grace, 1994) . This method requires an initial estimation of the solution and stops when it finds a local solution. For the geometric and mass parameters used in this study (see Table 1 In this pose, a foothold lies about the center of the foot's workspace.
These findings are especially significant for robots based on orthogonal legs (Bares, and Whittaker, 1993) in which vertical foot force is applied directly by an independent actuator; when maximum vertical support forces are minimized, actuators with lower power/torque or lower reduction gears can be used, thus decreasing weight and improving mechanical efficiency, which is a way of decreasing energy expenditure. 
That is, we look for a value of d that makes equal the maximum foot reaction forces of a corner leg and a middle leg; all other leg values equal each other because of the property of force symmetry. Equation (26) gives the same solution that (24), but it requires less computational burden.
Experimental results
The theoretical results presented in Section 4 above have been the basis of the design of the SILO6 walking robot (SILO6, 2006) . This robot, shown in Fig. 6 , has been built as the Some experiments have been conducted to validate the robot design, focusing on measuring the foot forces along a locomotion cycle. For this purpose, every leg has been endowed with a foot that contains a quartz force transducer capable of measuring three orthogonal components of forces acting in an arbitrary direction (see Fig. 7 ). The experimental result also shows the tendency for the maximum foot forces to decrease in leg 1 and for the foot forces in leg 5 to increase, as indicated in Fig. 9 . The errors lie within the range of the measurement errors (about 7.76 %). 
Conclusions
So far, walking-robot development has sought only to explore the potential features of walking robots. It is now high time to start optimizing robot design and control methods to make these vehicles competitive with their wheeled or tracked counterparts. This paper proposes a way of improving robot features, in terms of using lower power/torque actuators (light-weighted actuators) and decreasing energy expenditure. The method consists in decreasing the maximum foot forces that a legged robot requires to support itself, by locating the legs around the robot's body in a way that enables the robot to use either lower power/torque actuators or lower reduction rates, and thus to gain speed. Our study shows that by displacing the middle legs in our hexapod by about d = 0.123 m, the maximum supporting-foot forces can be reduced by 10.5%. Traditional, well-known hexapod robots use prismatic bodies only and miss out on the advantages presented in this paper. This paper's authors were encouraged for that reason to build the SILO6 walking robot with the body shape shown in Fig. 2(b) and Fig. 6 , which separates the middle legs' attachment points from the corner legs' attachment points, splitting along the y-axis.
Leg-force and joint-torque minimization are basic issues for walking-robot design and power optimization. Thus, further work shall be devoted to minimizing joint torques along a locomotion cycle, as a further step towards power consumption optimization.
Appendix 1
This appendix presents the leg kinematics used for simulation and control purposes. The 
